Chapter 11 

Radiation 


Problem 11,1 

From Eq. 11*17, A = 1 s in[uj(£ - r/c)](cos#f - sin# 8 ), so 


47 r r 
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4tt 
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dr 


r 2 - sin[w(t — r/c)] cos 9 


i a 

r sin 8 88 


— sin 2 9~ sin[u(t — r/c)] 


} 


f 1 / . , , X1 u)T f . . „ 2 sin 0 cos 0 . . , , 

< — ^sin[u;(£ - r/c)] cos[uj(£ - r/c)]J cos# — sin[u;(£ - r/c)] > 


f Po^ / 1 . 


= IMtfo | ^ sin[u(t - r/c)] + — cos[w(t - r/c)] 

Meanwhile, from Eq. 11.12, 

dV __ po cos 6 f uj 2 
It 


^ cos# | . 


47reo r 
PqU 
4tz£q 


{ — ~ c °s[aj(i — r/c)] ~ — sin[u;(£ - r/c)] J 

j ~ sin[a;(£ - r/c)] -j- — cos[w{£ - r/c)] \ cos 9. So V * A = -po€ Q ^~. qed 
( v 4 re J ot 


Problem 11.2 

Eq. 11.14: 




Eq. 11.17: 


A(r,f) — s in[w(f - r/c)]. 

4tt T 


Now p 0 x r = po sin 8 0 and r x (p 0 x r ) — po sin 8(r x <£) = —po sin 8 9, so 
Eq. 11.18: 


Eq. 11.21: 


E (r, t) = /fjdLiiElili) cos [„ (1 - r/c)). Eq. 11.19: 
4 tt r 


B(r,t) = - 


do^’ 2 (Po x f ) 

4ttc 


COs[w(t - r/c)]. 


/ov _ ^ (Po * f ) 2 * 

^ 325t^c " r ‘ 


Problem 11-3 

P — I 2 R — QqUj 2 sin 2 (u)t)R (Eq. 11.15) => (P) = \q^uPR. Equate this to Eq. 11:22: 

27TC 


1 .2..2d_ P0?0^ 4 

5S0- 2* — 


R = 


}lQ(Pu 2 
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or, since u> = 


A J 


R = 


pod 2 An 2 c 2 
6ttc A 2 


= |*7iocQJ) = |7r{47r x 1CT 7 )(3 x 10 8 ) = 80tt 2 ^|) ft = | 789.6(rf/A) 2 ft. 


195 


196 


CHAPTER i 1 . RADIATION 


For the wires in an ordinary radio, with d — 5 x 10 2 m and (say) A — 10 3 m, R = 790(5 x 10^ 5 ) 2 = 2 x 10“ 6 Q, 
which is negligible compared to the Ohmic resistance. 

Problem 11,4 

By the superposition principle, we can add the potentials of the two dipoles. Let’s first express V (Eq. 1L14) 

in Cartesian coordinates: V(x y y,zj) — - f ° U ( — — - j sinMt-r/c)L That’s for an oscillating dipole 

4ttcoc \x 2 + y 2 + z 2 J 

along the z axis. For one along x or y, we just change z to x or y. In the present case, 
p — po[cos(tj£) x -f- cos(tj£ — 7r/2)yj, so the one along y is delayed by a phase angle tt/ 2: 
sin[u>(t - r/c)] -4 sin[u;(t — rjc) — tt/ 2] = - cos[u;(t - r/c )] Qust let tt/ 2) . Thus 


V = - 


4l T€ qC 


{ X 2 


+ y 2 + Z' 


■ sin[uj(£ — r/c)] — 


V 


x 1 + y 1 + z* 


cos[w(£ — r/c)} 


Pqoj sin Q 
47tco c r 


{cos0sin[w(£ — r/c)] — sku£eos[w(£ — r/c)]} . 


Similarly, 


A - 


PqPqQJ 
4tt r 


{sin[w(t — r/c)]x — cos[w(t - r/c)]y} . 


We could get the fields by differentiating these potentials, but I prefer to work with Eqs. 11,18 and 11.19, 
using superposition* Since z = cos#f — sin 00, and cos# = 2 /r, Eq. 1L18 can be written 

to 2 z 

E — — — cos[cj(i — r/c)} ( z f ) . In the case of the rotating dipole, therefore, 

47tr V r / 


HaPou 2 i 

4tt r ' 

|cos[u;(£ — r/c)] 1 


I + sin[w(£ — r/c)] \ 


I(f x E). 
c 



S = — (E x B) = — [E x (f x E)1 = ~ \E 2 f - (E • f)El = — r (notice that E • f = 0). Now 
Hoc Hoc hoc 

f 2 \ ^ 

E 2 = ( ^°^ QC4j j / a 2 cos 2 [uj(i — r/c)] + b 2 sin 2 [w(t - r/c)] 4- 2(a * b) sin[w(£ — r/c)] cos[w(£ — r/c)]} , 
\ 4 tt t } 


where a = x — (xfr)r and b = y — (y/r) r. Noting that x r — x and y ■ r = y, we have 
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x 2 x 2 


n 2„ n ,* ! « ,2 I X 2> 

a -i + — -23 = 1- -— , 6 =1- -J, ab = — -r — t: + - = -—• 


E l = 


(^7~) { * p') ~ r / c )l + ( 1 “ ^2) - r / c )l 

— 2^y sin[tj(f — r/c)j cos[u>(£ ~ r/c)] j 

= ^ ^ | * “ ( x2 cos2 [ tJ ( i “ r/c)] + 2xy sin[c^(£ — r/c)] cos[u(* — r/c)] + y 2 sin 2 [w(t — r/c)]) j 

= ( fJ °4^T ) { 1_ ^ ” r /c)] + jrsin[w(i- r/c)]) 2 } 


But x — T sin 6 cos (j> and y = r sin # sin 

/ PqPqUP 

\ 47rr 

( pqp^ 

\ 4ttt 


) £ 

1 1 - sin 2 & (cos0cos[u;(i - r/c) ] + sin 0sin[u;(£ - r/c)]) 2 j 
X 2 

j 1 1 — (sin Q cos[u;(t - r/c) — 0]} 2 J . 


S = 


V (^r) { 1 ~ f sin 6 cos Mf - r i c ) - ^) 2 } *■ 


<S> 

p 


/( S >- da = ^(l^) / ^ (l- ^ sin 2 r 2 sin <? dOtty 


POPp^ 4 , 

16tt 2 c 


Intensity profile 
(1- ^ sm 2 8) 



[ sin 0d6 — - [ sin 3 8 d$ 

_ POPoW 4 / 

2-i.fU 

POPo^ 4 

[Jo 2 7 0 J 

St tc \ 

2 3 J 

6ttc 


This is taufce the power radiated by either oscillating dipole alone (Eq. 1 1 ,22) , In general, S = — (E x B) = 

^0 

[(Ei 4- E 2 ) x (Bi + B 2 )] = - — - [(Ei x Bi) + {E 2 x B 2 ) H- (Ei x 63 ) + (E 2 x B] )] = Si + S 2 + cross terms. 

/iQ flQ 

In this particular case, the fields of 1 and 2 are 90° out of phase, so the cross terms go to zero in the time 
averaging, and the total power radiated is just the sum of the two individual powers. 


Problem 11*5 

Go back to Eq. 11.33: 


A = 


fipmo 

4tt 


^sin0^ j I cos[w(£ — r/c)] - — sin[w(t - r/c)] J 
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CHAPTER 11 . RADIATION 


Since V = 0 here, 

E - -™ (^~ ) {J(-w)smMi-r/c)] - cos[w(t - r/c)] j <£ 


Mom 0 uj 

4tt 

(")• 

| ^ sin[cj(f - r/c)] + ~ cos[uj(£ - r/c)] | 0 , 


Vx A= -A- s ~(A^sin0)i--^-(rA l> ) 9 

TSmdoQ r or 

t-iQUio f 1 2 sin 0 cos 0 [1 r u / V1 w . f # ^ 

4 tt \ 7 
sin# 

T 

~ wit — i / un — Oiiiwyti — / j 

*sm# r [r L c 

• cos[w(£ - r/c)} + ~ sin[w(i - r/c)] - -7 (- — ) 

\ 

cos[^(i — rjc)\ 

fiorrio f 2 cos 0 

4 7T l r 2 

sin# 

r 

i " i ^ "I 

- cos[w(£ - r/c)] sin[w(^ — r/c)] v 

““COS [u(t — r/c)] + ^ sin[ct;(t - r/c)] + ^ — ^ cos[t^(f — r/c)]j s|. 


These are precisely the fields we studied in Prob. 9.33, with A -> — • npa ' . The Poynting vector (quoting 

4?rc 

the solution to that problem) is 


S = 


/tpmfiu / 3 
1 6 tt 2 c 2 

sin 0 


f smQ\ r2cos 6 f c 2 \ , c { 9 , 9 \ 

■ 0 -“ ) \ - — - — 1 — — — - sin u cos u T - — (cos u — sin u) 

\ r z J L r l\ u) z r z / ivr f 

{ 2 C \ , U? o C / , 9 2 \ A 1 

— - + sm u cos u H — cos u + — - sin u — cos u) r > , 

\ r J c ur 1 v J J 


where u = —u{t — r/c). The intensity is 


^ sin 2 # „ 

32tt 2 c 3 r 2 r ’ 


the same as Eq. 11,39. 


Problem 11* *6 

/ 2 * = /o 2 WM) => <P) = ~/ 0 2 ii - 


j SO 


Gc 3 


17 = 


or, since u) — 


2ttc 

T’ 


R = 


fioirb 4 16tt 4 c 4 
6c 3 A 4 


8 5 (1 

b Y 


0 


-(7r 5 )(47r x 10“ 7 )(3 x 10 s ) (5/A) 4 = 

(5 


3*08 x 10 5 (6/A) 4 a 


Because b A, and R goes like the fourth power of this small number, R is typically much smaller than the 
electric radiative resistance (Prob. 11.3). For the dimensions we used in Prob. 11.3 ( b — 5 cm and A = 10 s m), 
R — 3 x 10 5 (5 x 10~ 5 ) 4 = 2 x 10“ 12 fl, which is a millionth of the comparable electrical radiative resistance. 

Problem 11*7 

With a = 90°, Eq. 7.68 => E' = cB, B' = -E/c, q* m = -cq e 

* = «{-^=^!(^)cosM t - r /c)]0} = 

B = -;{- w( ~I: /<:) “ 2 (^ ■»*■(« -r/.)]«} 


^ m 0 - = -cpo- So 

/i 0 m 0 uJ 2 ( sin 6 \ ~ 

cosfw(t - $- 

f»om 0 w 2 ( sin0\ - 

= 4^” (“J C0S M* “ r / c >l 
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These are identical to the fields of an Ampere dipole (Eqs, 11.36 and 11.37), which is consistent with our 
general experience that the two models generate identical fields except right at the dipole (not relevant here, 
since we’re in the radiation zone). 

Problem 11.8 

p(£) — Po[cos(wt) x + sinful ) y] =£> p(£) = -u 2 po[cos(u}t) x + sin(u/£) y] => 


[p(t)] — w 4 Pq[ cos 2 {u;t) + sm 2 (uJi)3 = Po So Eq. 11.59 says 


c = / J 0pQ^ 4 sin2 e _ - 
I67 r 2 c r 2 


(This appears to disagree 


with the answer to Prob. 11.4. The reason is that in Eq. 11.59 the polar axis is along the direction of p(£ 0 ); 
as the dipole rotates, so do t he axes. Thus the angle 0 here is not the same as in Prob. 11.4.) Meanwhile, 


Eq. 11.60 says 


P = 


PoPo ^ 4 

67TC 


(This does agree with Prob. 11.4, because we have now integrated over all angles, 


and the orientation of the polar axis irrelevant.) 


Problem 11.9 

At t = 0 the dipole moment of the ring is 


Po “ J Ar dl — J(X o sin {b sin 4> y + b cos <p x)fc d(j> = A 0 5 2 J sin 2 $ d<j> + x J sin <f> cos <f> 

— A b 2 (tt y 4- 0 x) — wb 2 Aq y , 

As it rotates (counterclockwise, say) p(t) — po[cos(^t) y - sin(u>£)x], so p = -~u/ 2 p, and hence (p) 2 = u A pl< 


Therefore (Eq. 11.60) P = ^W(ir6 2 A 0 ) 2 = 

07 rc 


7T pLgUJ 4 b 4 \q 

6c 


Problem 11.10 


P = -eyy, y = \gt 2 , so p = -\get 2 y; p = -gey. Therefore (Eq. 11.60) : P = ge ) 2 . Now, the time 

. D7T C 

it takes to fall a distance h is given by h — ^gt 2 => t = y/2hjg, so the energy radiated in falling a distance h 

po {ge } 2 t 

is £/ rad — Pi — — y/2h/g. Meanwhile, the potential energy lost is U po t = mgh< So the fraction is 

07TC 


/ = 


t^rad _ P0 9 2 e 2 

l2h 1 

Poe 2 fig 

_ (4tt x 10 _7 )(1.6 x 10 

f/pot 67 rc \ 

j g mgh ~ 

67T7TIC V k 

” 6tt( 9.11 x 10 _31 )(3 x 


- 19\2 


2.76 x IQ” 22 , 


Evidently almost all the energy goes into kinetic form (as indeed I assumed in saying y — \gt 2 ). 
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Problem 11*11 


(a) V x = T 


47TCQ C 


sin[a)(t - r± /c)]. V tot = K+ + V-. 


r ± = 

r± 


\/r 2 + (d/2) 2 2r(d/2) cos 5 =* r \/l T (d/r) cos 0 ££ r ^1 ^ cos . 

rcos0*(d/2) / , A ^ d d 

— — 1 — r ( cos 0 ^ — I ~ I 1 ■— cos 0 — cos 9 ± — cos 2 9 =f — 

r± V 2r ) r \ 2 r / 2r 2r 



cos 0± = 


cos $ T "(1 “ cos 2 0) = cos 0 “ sin 2 0. 

2r 2r 


sin[uj(£ — r±/c)] — sin | lj i - - =F cos0^ | = sin ^udo ± cos0^ , 


± — cos 0 , where £q = t — r/c. 
2c 1 


( u id \ / cud 

sin{ujto) cos I — cos 0 1 ± cos(u;£o) sin { 




ujd \ , w ^ 

— cos0 9* sin(ud{>} ± — cos0cos(ado}. 
2c J 


uid 

2c 


V± = 


¥ 

“ T 

= T 


| ^1 ± ^ cos 0^ ^cos 0 4- sin 2 0^ sin(u;to} ± ~ cos0 cos(udo)j j 


Pqu 
4tt€q cr 

• • { fcos0 ~ sin 2 0 :fc 

47rcocr [ \ 2r 


i^ e ) 


Ldd 

sin(udo) d: — cos 0 cos(udo) 


]} 


Pqu 

47T£oCr 

Port 
4 tT£o ct 


cos 0 sin (ado) ± cos 2 0 cos{oj£o) ± (cos 2 0 — sin 2 0) sinful 


2r 


— cos 2 0 cos(udo) + - (cos 2 0 - sin 2 0) sin(odp) 
c r 


pouj 2 d 
4k€q c 2 r 


|cos 2 0cos(udp) + ~ (cos 2 0 — sin 2 0) sin(tj£oj ■ 


In the radiation zone (r uj/c) the second term is negligible > so 
Meanwhile 


V = - 


p 0 u; 2 d 2 


4?reoC 2 r 


cos 2 0 cos[w(£ — r/c)]- 


A+ = 


=F ^°^ QUJ , sin[u;(t — r^/c)] z 


47Tf± 

PoPqM 

4ttt 

PqPqu 

A'kt 


| ^1 ± cos0^ sin(udp) ± ~ cos0cos(w£o) j z 

sin(udo) ± ^ cos0cos(udp) ± — cos 0 sinfudo)] z. 
2c 2r 


Hot — 


MoPo^ f tod _ , , d t . 

A + At A- — — — - cos 0 cosfcj£o) -1 — cos 0sin(u;co) 

47rr c r 


/ropoa; 2 d 

4 ttct 


cos0 |cos(w£q) + " s i n (wf 0 )] i. 
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In the radiation zone, 


HoPouPd. 

A — cosfl cost o[t — r/c) z. 

4 Ttcr 1 


(b) To simplify the notation, let a = Then 


47 r 


V = a——— cos[w(t — r/c)]; 


„„ dV . 1 0V - 

VV = — — f H — 

9r r 06 


6 = a cos 2 0 { — ~ cos[w(f — rjc)] + ~ sin[w(t — r/c)]} 
( r z rc J 


A = 


+ a- 
a cos 8 


—2 cos 8 sin 8 


cos[w(t — r/c)] 6 — a— 


w cos 2 f? 


c r 


cos[^*(t — r/c)] ^cosflf - sin0#^ * — — — L0S ^ sin[u/(t — r/c)] ^costff — sin0#j . 


sin[u/(£ — r/c)]r (in the radiation zone). 
auj cos 0 


c r 


E = 


- W — = - — sinfu;(t - r/c)] ^cos 2 8 r — cos 2 8 f + sin 8 cos 8 0^ 


au 


cr 


sin 8 cos 8 sin [w (t — r / c)] 0. 


B = V x A = - 


a_(d_ 

cr \ dr 


0 0.4,. 1 

a? (M>) - -m 


<P 


d 

(cos#cos[u;(£ - r/c)j(— sin#)) — — 

o8 


cos 2 8 


cos[u>(i — r/c)] 


]} 


0 


— sin 8 cos 8) — sin — r/c)] 0 (in the radiation zone) = 

Notice that B = -(r x E) and E ■ r = 0. 
c 

S = — (E x B) = — e x (f X E) = — \E 2 t- (E-f)El = — f 
Ho Hoc Hoc 1 Hoc 


auj 


— — sin#cos#sin[u;(t - r/c)] <p. 


1 f ato 
— \ : 

Hoc l rc 


}%. 


1 /aw . \ 2 

/ = — — - — sm 8 cos 8 } . 

J 


2poc V rc / 


P = 


J (S) ■ da — — — ^ J sin 2 8 cos 2 8 sin 8 d8 d<fi — ^ — (“) 27 t J (1 — cos 2 0) cos 2 0 sin 8d8. 


m , cos 3 # i ff cos 5 0 

1 he integral is : — + 

3 lo 5 

1 up- Ho 


* _ 2 _ 2 _ _4_ 
o “ 3 5 ” 15' 


V„c c s 16^- (M ‘ ,)2 “ <2 ’ , l5 = 


60ttc 3 




Notice that it goes like w 6 , whereas dspo/e radiation goes like & 4 . 


Problem 11*12 

Here V — 0 (since the ring is neutral), and the current depends only on t (not on position), so the retarded 

vector potential (Eq. 11.52) is A(r, £) = ^ (f — — dl'. But in this case it does not suffice to replaces by 

4tt j ^ 




cmFfmrtt: kkoyair 


t in the denominator — that would lead to Eq. 11 .54 ^ and hence to A = 0 (since p — 0). Instead, use Eq + 1L30: 

i ^ i [ 1 ~ sin # cos 0' ) * Meanwhile, dl' = 6d0 y 0 — b(— sin $ x + cos 0' y) d0\ and 

^ v \ r J 




I(t —*/c) s I(t -r/c + {bjc) sin # cos 0') — I(t$ + {b/c)smB ca&$) = I (to) + I (to)- sin# cos 0' 


(carrying all terms to first order in 6). As always, £q — £ - r/c. (From now on I’ll suppress the argument: /, 
/, etc. are all to be evaluated at £q*} Then 


A(r, £) ™ ~ ^ 1 4- - sin 9 cos 0'^ ^ J + 1 - sin 6 cos 0'^ 6(— sin 0' x + cos 0' y) d0' 

9S 4 ~ J + /- sin ^ cos 0' + J- sin 0 cos 0 y j (— sin 0 y x + cos 0' y) d<fi\ 

But / sin 0 y d0 y — / cos 0 y d0 y = / sin 0' cos 0' d<f> — 0, while / cos * 2 0 ; d0 y — n, 
do do do do 

= y) [/- sin 8 + J- sin / = ^ sin 8 (/ + -/W. 

47t r [ c r J 4r^ \ c / 

In general (Le, for points not on the xz plane) y 0; moreover, in the radiation zone we are not interested 


in terms that go like 1/r 2 , so 


A(r,t) = 


Mo# 2 


4c 


[/ (t — r/c)] 


sin# - 
— ~ 0 - 


B(r,() 
B(r, t) 


dA 

dt 


Hob 2 [ ■. 


4c 


[/(t - r/c)] 


sin# 7 

— <P* 


= V x A = 


— ““ sin#) r - ( rA 0 ) 0 

rsmPOT r or 


jUo6 2 


4c 


ri2sm#cos#f 


r sin # r 




sin # # 


Mo# 2 7 sin# ~ 


4c 2 


S 

P 


/ 


sin 2 # 

r + 


S * da = 


Mo 


K/- 


Sm 2 # 1 2 • n, a ,i ^0 

r" sin Qd3d<t> — 


Morrr 


07TC 3 


16c 3 V~ V J r 2 " — -r 

(Note that m = IV6 2 , so m = Jtt6 2 .) 




Problem 11*13 


2 o 2 

(a) P — - , and the time it takes to come to rest is t = vq/q>, so the energy radiated is t/ ra< j — Pi - 


6ttc 


2^2 


Mo ffl t'o 


6ttc a 


. The initial kinetic energy w r as J7km = §mu 2 , so the fraction radiated is / = 


Prad 


£4in 


Mo5 2 ^ 


37rmuoc 


(b) d — “Of 2 — “a^r — — , so a — Then 
v } 2 2 a 2 2a 2d 


/ = 


fioq 2 t/Q _ Mo5 2 ^o _ (4 tt x 10 7 )(1.6 x 10” 19 ) 2 (10 5 ) 


3*rmt> 0 c2d earned 6 tt(9.11 x 10“ 31 )(3 x 10 8 )(3 x 10 _9 ) 


2 x 10” 10 . 
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So radiative losses due to collisions in an ordinary wire are negligible. 


Problem 11*14 

„ 1 q 2 v‘ 

F = — — ma — m— => v = 


47reo r 2 


V 1 

T 


1 q 2 


4k£q mr 
(1.6 x 1CT 19 ) 2 


. At the beginning (ro = 0,3 A), 

T-l /2 


4tt( 8.85 x 10^ l2 ){9.11 x 10“ 31 )(5 x 10“ n )J 3 x 10 s 


1 


= 0,0075, 


and when the radius is one hundredth of this v/c is only 10 times greater (0.075), so for most of the trip the 
velocity is safely nonrelativistic. 

2/2\ 2 2 / 1 2 \ ^ 

;From the Larmor formula, P = ( — ) = —— f — — ) {since a = v 2 fr ), and P = —dUfdt^ 

67 xc \ r J 6 ttc \47reo mr l ) 

where U is the (total) energy of the electron: 

TT TT TT 1 2 1 q 2 1 { 1 q 2 \ 1 g 2 1 

U — t7kin 4" C/pGt — —TTIV — ~ ““ ™ J A — 

2 47reo r 2 \47r£o r J 4-jreo r 


O dU 1 q 2 dr n q 2 

SO — — — — — — = P = — 7 

d£ Stteq r 2 dt 6 tx€q c 3 


- -Sc 


= (3 x 10 s ) 


p-jiy, 

\ 47reo mr 2 y 
/'2neomc\ 2 f° 

V j - ---- - j J To 

2tt( 8.85 x 10~ 12 )(9.11 x 10“ 31 )(3 x 10 s ) 


Sttco r 

,2 v 2 


and hence £ = -1 (-M 1, 
3c\27reomc/ r 2 


or 


/ 27 Z€QTnc\ 


r 2 dr t — “3 c 


r 2 dr = 


/ 27T€omc\ 2 » 

' — j 


(1.6 x 1Q“ 19 ) 2 


(5 x 10“ n ) J = 


1.3 x 10 _il s. 


(Not very long!) 


Problem 11.15 


According to Eq. 11.74, the maximum occurs at — 

6 d9 [(1 -0cos#) 5 

2 sin 0 cos 9 5 sin 2 9{0 sin 6 ) 


sin 2 9 


— 0. Thus 


= 0 =$• 2cos#(l — 0cos#) = 50 sin 2 # = 5/9(1 — cos 2 #); 


(1 — 0cos#)5 (1 — 0cos#) 6 

2 cos 6 - 20 cos 2 9 = 5/9 — 50 cos 2 8, or 50 cos 2 8 + 2 cos # — 50 = 0, So 

= - ~ ^ (±\/T+ 150 2 — iV We want the plus sign, since 6 m -+ 90° (cos 9 m = 0) when 

6.9 3o \ / 


cos# 


#max — COS 


-1 


yi + 150 2 - 

30 


60 

/M0 (Fig. 11.12): 

For v « c, 0 sss 1; write 0 = 1 — e (where e 1), and expand to first order in e: 
/ y/1 + 150 2 - 


9 - 


30 


-) = [v^l + 15(1 — ej 2 - l] ea 1(1 + e) [Vl + 15(1 - 2c) - l] 

= 1(1 + «) [Vl6-30c - 1] = |(1 + e) [4 y/ 1 - (15e/8) - l] = 1(1 + e) [4 (l - l|e) - 1 


= 1(1 + e) (3-x e ) =( 1 + e )( 1 -^) = 1 + e - 


■nax = 1 - = 1 - => C = K or *max = v^72 = 7(1 - 0)/2. 


Evidently 0 max ^ 0 t so cos^i 
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Let / = <^1*-^ 


(dP/dQ |»J r 


sin 2 0 n 


_(1 0 COS $max)^ . 


Now sin 2 <9 max = e/2, and 


(1 - 0cosO m&x ) as 1 - (1 - e)(l - U) 2 1 - (1 - e - U) = ft. So / = 


e/2 


7 = 


1 


\/l - 0 2 ^1 - (1 ~ e) 3 Vl - (1 - 2e) sfTt 


=> e = 


2 7 2 


(5e/4) 5 

Therefore 



But 


/ = 




2.62 7 8 . 


Problem 11,16 

■ dP g 2 [i x (u x a)| 2 

Equation 11.72 says — — 7 —z -- • -• — , Let (5 = v c. 

dll Iott^cq [ 4 . ■ u) & 

u — d-v — ci-vz^&'U^e - v(i ' z ) — c — v cos# = c — — cos = c(l — cos#); 
a u = ac(x ■ h) “ uu(x ■ z) — acsin # cos u 1 ~ u ■ 11 = c 2 — 2cv(i ■ z) + v 2 — c? -f v 2 — 2 cv cos #. 


i x (11 x a) 
X (u x a)j 2 


dP 

dtt 


(i ■ a) 11 — (i ■ a) a; 

(i ■ a ) 2 u 2 - 2(u ■ a) (4 ■ a)(i ■ u) + (i - u) 2 n 2 

(■ c 2 + - 2cucos#)(asin#cos0) 2 - 2(acsin#cos0)(asin#cos0)(c - v cos #) 4- a 2 c 2 (l - /3cos Sf 

a 2 [c 2 ( 1 - /?cos #) 2 4- (sin 2 #cos 2 <f>)(c 2 + v 2 2cucos# - 2c 2 + 2cucos#] 
a 2 e 2 [(1 — /?cos#) 2 — (1 - /? 2 )(sin#cos0) 2 ] , 

^ioq 2 a l [(1 — (3 cos #} 2 — (1 — fl 2 ) sin 2 9 cos 2 cf>] 

16tt 2 c (1 — (3 cos#) 5 


The total power radiated (in all directions) is: 
dP 


IS™**- iL: 


£// 


■ /£«-/ 

/‘ 27 T 

But / d0 = 2 tt and / cos 2 0d$ = ti\ 

Jo Jo 

2^2 [2(1 - /? cos (9) 2 — (1 — /? 2 ) sin 2 0] 


[(1 -0cos6) 2 - (1 - /? 2 ) sin 2 0 cos 2 0 . 

- sm 0 dO d$. 

(1 - 0 cos 0) 5 


ho V 


■cr r 

h 


sin OdO. 


I67 r 2 c J 0 (1 — 0 cos 0 ) 5 

Let u) = (1 — 0 cos 0) , Then (1 — w)/0 — cos 0; sin 2 0 — j/? 2 — (1 — tc) 2 ] / 0' 1 , and the numerator becomes 

2w i -^^l(0 2 -l + 2w-w 2 ) = [2w> 2 /? 2 + (1 — 0 2 ) 2 — 2(1 — 0 2 )w + u> 2 (l — /3 2 )] 


0 2 

1 

I 2 


[(l-/J 2 ) 2 -2(l-£ 2 )n; + (l+ J 3> 2 ]; 
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dw = flsin&dO => sinfld# — — dw. When 6 = Q, tu — (1 - /3); when 0 = tt, tw = (1 + /?). 


P - 


//o# 2 ^ 2 1 /^ 1+ ^ 1 


rU + 
/fl-£ 


5 [(1 - /? 2 ) 2 - 2(! — 0 2 )w + (I + /3 2 )tw 2 ] dun The integral is 

„ r i _ r t 

dw 


16ttc /3 3 w 

Int = V-fP)>J l s dw-2(l-l>*)J±dw + ll + ll‘)j± 


<■ - ^ (- Sf) - 2 <‘ - « ("isO + 0 ' + « (-i)' 


1 

1+/3 

w 2 

1-0 

1 1 

|1 +0 

Itf 3 1 

\l-0 

1 

1+0 

w 4 

1-0 


Int 


1 


1 


3w 3 / 

(1-20 + 0 2 )- (1 + 2 P + 0 2 ) 


1+0 

i-0 


40 


( 1 + 0 ) 2 ( 1 -/ 3) 2 (1 + / 3 ) 2 ( 1-/?) 2 ( 1 -/ 3 2 ) 2 ' 

1 1 {l-30 + 3p 2 -p 3 )-(l + 30 + 30 7 +p 3 ) 20(3 + 0 2 ) 

(i + 0) z (i -PY~ (i + p) 3 (i-p) 3 (i P 2 ) 3 ' 

1 1 {1 - 40 + 60 2 - 40 3 + 0 A ) - (1 + 40 + 60 2 + 40 3 + 0*) 80(1 + 0 2 ) 


(1 + 0Y (1 - 0Y 

-8/3(1+^) 

(1 - 0 2 ) 4 


o2\2 


( 4 ) 


2(1 — 0 2 ) 


20 


P = 


(\-P 2 ) 2 L 

fWa? 1 8 l 3 
I6 ttc 0 z 3 (1 — 0 2 ) 2 


(1 + P 2 ) — j(3 + P 2 ) + (1 + P 2 ) 


(i + 0Y(i -0Y 

-20(3 + 0 2 ) 

(l~0 2 ) 3 

8 0 3 


( 4 ) 


+ (1+P 2 ) 


H)ii5 


(1-0 2 Y 

-40 


P 2 y 


/i 0 g 2 a 2 7 4 
6xc ' 


where 7 — 


3(1- 0 2 ) 2 ' 

1 




Is this consistent with the Lienard formula (Eq, 11.73)? Here v x a ™ va(z x x) = uay, so 

Mo9 2 7 6 a 2 
6 7 vc 7 2 


a 2 - x aj — a 2 = (1 — 0 2 )a 2 — -^-a 2 , so the Lienard formula says P — 


. / 


Problem 11,17 

2 

(a) To counteract the radiation reaction (Eq. 1 1 .80) „ you must exert a force F e — — a 

OTTC 

For circular motion , r(t) = R [cos(wt) x + sin(wt) y] , v(t) — r — Rw [— sin (wt) x 4- cos(^t) y] ; 
a {t) = v — -Roj 2 (cos(wt) x + $in(oj£) y] — -w 2 r; a = — u 2 v — — w 2 \. So 


F, = ^C 2 v. 


6ttc 


P ! = Ft -v,M-A 2 . 


6 ttc 


This is the power you must supply, 

2 2 

Meanwhile, the power radiated is (Eq. 11.70) F ra d — ^5 ° > and a 2 = u; 4 r 2 = w 4 R 2 = uPv 2 , so 

07TC 

2 

Trad = -w 2 v 2 , and the two expressions agree. 

6xc 

(b) For simple harmonic motion , r(t) = j4cos(kd)z; v = r = -^sinfut) z; a = v = — Aoj 2 cos(ojt) % — 


-w 2 t; a = — w 2 t = -w 2 v. So 


Fe = ^Vv; P e = ^u,V. 
6 ttc 6?rc 


But this time a 2 = u 4 r 2 = to 4 A 2 cos 2 (wt), 
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whereas lj 2 v 2 — u) 4 A 2 sin 2 (wt), so 


Pr^ = COS 2 (ut) AP e = ^ q 2 ' ' 4 " 2 


6?rc 


67 rc 


■oj 4 A 2 sin 2 (u/t); 


the power you deliver is not equal to the power radiated. However , since the time averages of sin 2 (c ut) and 
cos 2 (u;t) are equal (to wit: 1/2), over a full cycle the energy radiated is the same as the energy input. (In the 
mean time energy is evidently being stored temporarily in the nearby fields.) 


(c) In free fall v(t) — ™gt 2 y; v = gty\ a - gy\ a — 0- So F e = 0; the radiation reaction is zero, and 


hence P P — 0. But there is radiation: 


^ “ 67TC- 9 ■ 


Evidently energy is being continuously extracted from 


the nearby fields. This paradox persists even in the exact solution (where we do not assume v c, as in the 
Larmor formula and the Abraham- Lorentz formula) — see Prob. 11,31, 

Problem 11*18 

(a) 7 = uj 2 t, and r ^ 6 x 10 ~ 24 s (for electrons). Is 7 w (i.e. is r 1/w)? If u is in the optical region, 

uj — = 2tt(5 x 10 14 ) - 3x IQ 15 ; 1/cj — (1/3) x 10” 15 — 3 x 10” 16 , wdiich is much greater than r, so the 

damping is indeed “small” . / 

(b) Problem 9.24 gave Alu = 7 = — [2tt(7 x 10 1S )] 2 (6 x 10“ 24 ) = I x 10 10 rad/s. Since we’re in the 

region of loq & 4 x 10 16 rad/s, the width of the anomalous dispersion zone is very narrow. 

Problem 11.19 


, , , F dv da F f dv f da 1 f 

(a) a = ra H => — = r — + — => / — dt = r / — dt + — / F dt . 

m at at m J at j dt m J 


[i/(to 4* e) — u(io — e)\ — r [a(to -he) — a(to — e)] 4 F ave t where F ave is the average force during the inter- 

rn 

val. But v is continuous , so as long as F is not a delta function, we are left (in the limit e 4 0) with 

[a (to + c) — a (to — e)j = 0. Thus a, too, is continuous, qed 

/i \ ♦ da da 1 f da 1 f t 

(b) (1) a = ra = r— — = - dt => / — - = - / dt => In a = — h constant 

dt a r Jar] r 

is a constant. 

.... F da F da 1 t F 

(11) a — ra + — ^ r~ ~ a - — => - m(a - F/rn) — — h constant => a - — - - 


a(t) = Ae l P, 


where .4 


m 


dt 


m 


a - F/m r 


m 


Be tlT => 

a(t) = — + J5e^ r , 
m 

where B is 

(iii) Same as (i): 

a{t) = Ce l P, 


where C is a third constant. 


(c) At t = 0, A = F/m + B\ at t = T, F/m + Be T P - Ce T P C = { F/m)e~ T / T + B. So 



r [{F/m) + B)e t l\ 

t < 0; 

a{t) = < 

[(F/m) + £e^ T ] , 

0 < t < T; 


[(F/m)e -T ^ T 4- ilij e t/T , 

t > T. 


To eliminate the runaway in region (iii), we’d need B — ~(F/m)e 1 ,,T ] to avoid preacceleration in region 
(i), we’d need B = “(F/m), Obviously, we cannot do both at once. 
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(d) If we choose to eliminate the runaway, then 



(i) v — { F/m ) [l - e T ^ r J j e^ T dt = (Fr/m) |l - e r/T | e^ T + D, where D is a constant determined 
by the condition u(— oo) = 0 => D — 0, 

(ii) v = (F/m) [f — re* <-T ^ r j'+ E, w-here E is a constant determined by the continuity of v at t = 0: 

(Fr/m) [l - e _T ^ r | = (F/m) [—re' ^ Tj/r J + E =£ E = (Fr/m). 

(iii) v is a constant determined by the continuity of v at t = T\ u — (F/m)[T + r — r] = (Ffm)T. 



(Fr/m) [l - e- T / T ] e^ T , 

t < 0; 

v(t) = i 

(F/m) + t — re lt ~ T ^ T j , 

0 < t < T\ 


. (F/m)T, 

t > T. 


uurhargc'd particle: 
(no rwllAtimi nation) 




Problem 11.20 

(a) From Eq. 11.80, so F tld = F& + 2F^ d = 

(b) F rad = J {J q 2A dyi | 2A dy\. {Running the y 2 

integral up to yj insures that y\ > y? , so we don't count the 
same pair twice. Alternatively, run both integrals from 0 to L — 
intentionally double-counting — and divide the result by 2.) 
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^rad 


fA\*\ f J Mo a 2 L 2 p 0 /, r v2- Motf‘ - 

= T2^ (4A ) J 0 «' dy ' = 127tc 4A >T = te (At) ° = 6^" 


d. / 


Problem 11.21 

(a) This is an oscillating electric dipole, with amplitude po = qd and frequency u — y/k/rn . The (averaged) 

/ poPo^ 4 \ sin 2 0 A 


Poynting vector is given by Eq, 11,21: (S) — 


V 32t r 2 c 


) 


r, so the power per unit area of floor is 


* f uoPaU) 4 \ sin" 0cos0 „ „ „ R „ h , o ^9 .*> 

= (S) ■ 2 “ ( %: — ) — But sin# = — , cos# — and r 2 — R 2 + h 2 . 

\ 327t j c Jr 2 r r 


/ po<rd 2 w 4 ~\ 

iCh 

^ 32n 2 c J 

' (R 2 + d 2 ) 5 / 2 ' 


= 0 => 


dlf d r R 2 

~dR ~ ^ dR [(R 2 + ft 2 ) 5 /2 

(R 3 + A 2 ) - ^R 2 - 0 => ft a = ^R 2 => 
(b) 


2/? 


R 2 


2ii — 0 


(fl 2 + d*)V 2 2 [R? + )V* 

= v^/3/i, for maximum intensity* 


= J 1/ (R) da = J l f {R) 2irRdR = 2tt j ft J 


R 3 


f 


R 3 


= 2tt 


(R 2 + /i 2 } 5 / 2 

/ Mog^d 2 ^ 

^ 32tt 2 c 


dR = 


1 f 

~ 2/ 0 


(a: + R 2 ) 5 / 2 


da: = 


(R 2 + ft 2 )5/2 

1 r(2)r(l/2) _ 2 
2/1 r(5/2) ~ 3ft 


dR. Let a: = R 2 : 


Ul- 

Po q 2 d 2 u A 

/ h 3 h 

24? rc 


which should be (and is) half the iota/ radiated power (Eq. 11.22) — the rest hits the ceiling, of course. 

(c) The amplitude is aro(t), so V — k^ x o * s the energy, at time t, and dU/dt = — 2R is the power radiated: 

lb^( T 2 ] - — a 2 x 2 => ^-(x 2 ) - -- 


^ 2^2 ^ __ Mok* ^ -(xq) = “/cxq Xq = d 2 e Kt or xo(£) = de Kt t 2 . 


127 rc 


dt 


6ttA:c 


2 127tA:c 2 

12ncm 2 


T ~K~ voq^k 2 ™ 

Hoq 2 k 



Problem 11.22 

(a) From Eq, 11,39, (S) = 0 Mym qUJ ^ - ■ f . Here sin# = 

\ 32tt j c j / 

K/r, r ~ \/R 2 Hh h 2 y and the total radiated power (E- 
q, 11,40) is P = . So the intensity is I{R) — 

1 ZTT C” 


3R R 2 


Str (R2 + h2) 


2 ' 



/ 12R\ R 2 
V32jrJ (R 2 + /i 2 ) 2 

(b) The intensity directly below the antenna (R — 0) would (ideally) have been zero. The engineer should 
have measured it at the position of maximum intensity: 


dl_ 

dR 


3R 


2R 2R? 1 

_ 3R 2R , 2 2 ^ 2 , _ 

— h 

(R 2 +/i 2 ) 2 (R 2 +h 2 ) 3 

~ 8tt (R 2 + h 2 ) 3 ^ 4 1 > U ^ 

/l- “ f |r . 
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At this location the intensity is 1(h) = 
3(35 x 10 3 ) 


3 P h 2 


IP 

32 tt/i 2 ' 


(c) /max -w 


32tr(200) 2 


8tt (2 h 2 ) 2 

= 0.026 W/m 2 = |2.6^W/cm 2 . 


Yes, KRUD is in compliance. 


Problem 11.23 

(a) m(£) = M cost^z + M sin^[cos(tu£) x + sm(w£) y]. As in Prob. 11.4, the power radiated will be twice 
that of an oscillating magnetic dipole with dipole moment of amplitude mo = M sin ip. Therefore (quoting 


Eq. 11.40): 


P = 


/ioM 2 ad sin ip 
67TC 3 


(Alternatively, you can get this from the answer to Prob. 11.12.) 


(b) From Eq. 5.86, with r R, m -+ A/, and 8 = jr/2: B — so 

47r R s 


m = 4 ~^b 

(Ml 


4tt( 6.4 x 10 6 ) 3 (5 x 10~ 5 ) 
47 t x 10~ T 


1.3 x 10 23 Am 2 . 


(4tr x 10 7 )(1.3 x 10 33 ) 3 sin 2 (ll°) / 2 jt \ 5 u . . , 

v ' 6 tt( 3 x 10 8 ) 3 V 24 x 60 x mj v ' 


(d)P = 
P = 


^o(47rP 3 B/po) 2 co 4 sm 0 = _8 jt , 2r3 g Using the average value (i/ 2 ) for sin 2 ^, 

67TC 3 S^oC 3 


8tr 


3(4tt x 10“ 7 )(3 x 10 8 ) 3 


m 


n 


( 10 4 ) 3 ( 10 8 ) 


2 x 10 36 W 


(a lot). 


Problem 11.24 


= is* [ 2,rdr 

47T J v / r r Tr 2 

- j K <t~ V t' 2 + x 2 /c) _ j 


\/r 2 + x 2 


The maximum r is given by t — x'r 2 + x 2 /c — 0; 
r max — ^/c s £ 2 — x 2 (since /T(t) = 0 for t < 0). 



(i) 

A(x,£) 
E(x, () 
B(x,i) 


PqAqz /’ r 


2 

5A 


f; to* ■ ^ (v^-) = 


/ioKo(ci - x) „ 
— z. 


2 Z ’ 

for ct > x 

0A Z . 

1 ax y = 

/^ 0 _ 

2 y ’ 


for c£ > x, and 0, for ct < x. 
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(ii) 


A (x,t) = 

E(rc,t) — 
B(x, t) — 


Mof* 

2 70 


z [ T ™ { t - Vr 2 + x 2 1 c) HaCcz 

— ' ~ — -r dr — — - — 


f 

70 


v'V 


f ™ / dr- - f 

Jo \fr I + x 1 c J 0 


rdr 


t(ct — x) — — (c 2 t 2 — x 2 ) 


Mo«z 

2 

_9A 

dt 


_ , , 

VxA = _ "a7 y = 


= _ 2rfi c , (2 = m- - *) a 2 

4c 4c 


/ioa(x — ct ) ^ 

— 2 


(b) Let ?i = - ^ \fr 2 + x 2 — , so du = - 


* - 


sjr 1 + x 2 


for ct > x, and 0, for ct < x. 

for ct > x , and 0, for ct < x. 
1 r 


Moa 
‘ 2c 


{a: - ct) y, 


1 1 


c [2 vV 2 + x 2 


2r dr 


c n/r 2 + x 2 


dr, and 


= t - — — u t and as r : 0 oo, u : 0 oo. Then A(x , £) — — f K ft - - - 1 /) 
c 2 J Q \ c ) 


du. qed 


E(*,t) = -f-™/ (‘ - fj- “) = 




»C , , , 

-— K (t-x/c) z, 


[if AT(-oo) = 0], 


Note that (i) and (ii) are consistent with this result. Meanwhile 

r0 ° 9 x \ . _ 9 

lo 


B (M) = -~^-y = ~—y[ ^-K du. But ~K(t~- - 

the c j 0 ot \ c J ox \ c J cBu 


= i ® *r( t _E_„). 

: / c On V c / 

[if K(—oo) = 0]. 


~K{t~x/c) y, 


This is the power per unit area that reaches x at time t; it left the surface at time {t - xjc ). Moreover, an 
equal amount of energy is radiated downward, so the total power leaving the surface at time t is 


Problem 11*25 

p(t) = 2 qz(t); p ~ 2 qz\ F — mz — — - 


4 1 

1 y “ 

1 Q 2 

MocV .. 

MocV 

(2 Zf 

1 * — 

4tt€q 4m z 2 

lfiTrmz 2 ’ P 

87rmz 2 

. MOP 

- J-L 

( MocV) 

2 .. 

/ fiocq 2 \ 3 1 

6ttc 

67 TC 

\ Snmz 2 J 

6(47r) 3 m 2 2 4 

V 47r / 6m 2 z 4 


Problem 11.26 

With a = 90°, Eq. 7.68 gives E' = cB, B' = ~^E t q' m = -cq e . Use this to “translate” Eqs. 10.65, 10.66, 
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and 11.70: 


E' 

B' 


= c (ii x E ) =ix (-cB') = — c(* x B'). 

= - -E = - - ~~ [(c 2 - v 2 )u + * x (u x a)] 

c c4 Treo (*■ n ) 3 L J 


I LMM [ {c 3 _ v 2 )u + * x (u x a) ] = [<c 2 - n 2 )u + * x (u x a)] 

c 4ne 0 (4-u ) 3 1 J 4ir (*u ) 3 L J 


P = 


/i ° a % 2 = /J °° 2 


Gttc 


6 tt c 


(-W ■ 


2 2 

^L(g' ) 2 . 

6tt c 3 ^ 7 "' 


Gr, dropping the primes, 


B(r, t) = 

1 . 3 [(c 2 n 2 )u +* x (u x a)] . 

4tt (■* ■ u) 3 1 J 

E(r,i) = 

~c(i x B). 

P 

fioq^a 2 


67 rc 3 


Problem 11,27 


(a) PF ext = J F dx — f J v{t)dt. From Prob* 11,19, w(t) — -- jt H- t — re^ 1 j . So 


M I 

f tdt + r f dt - re T ^ r f e l ^ r dt 

_ p2 

— + rt — re 

m 

C5 

O 

O 

*-* 

m 

[2 J 


F 2 

\ l T * + tT -T^-T/t ^T/r.^l = 

— (~T 2 + tT - r 2 + r 2 e“ T ^^ . 

m 

[2 V /] 

Ttl \2 J 


1 1 F 2 

(b) From Prob* 1L19, the final velocity is Vf — ( Fjm)T\ so Wkin — - mv f — = 


F 2 T 2 

2m 


2 2 

(c) W r % c i = f Pdt. According to the Larmor formula, P = Q - , and (again from Prob, 11.19) 

U7TC 


a(i) = 


{F/m) [l — e -7 ^ T ] e f ^ T , (t < 0); 
(. Ffm ) [1 - e< ( ~ T )/ T ] , (0 < * < T). 
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W rad 


ft' 


r 




I ^ -uy 

L5 (l-e-^) 2 + r-2e-/'(^)[' + e-^(I^)[} 
[I (l - 2e~ T t T + e- 2T ^) + T - 2re“ T / r (« 


dt-2e~ T ' T [ T e^dt + e- 2 ^ f 
Jo Jo 

' T + e -lT/r(l 


e 2t t T dt 


Energy conservation requires that the work done by the external force equal the final kinetic energy plus 
the energy radiated: 


F 2 T 2 tF 2 

+ W rad = "TT 1 

2m rn 


(t~t+ re~ T/T ) = ” (\ T2 + rT “ r2 + r 2 e~ r/T ^j = VE ext . / 


Problem 11*28 


(a) a = ra 4- — 6(t) => f a(t) dt = v{e) - v(-e) = t f ^ dt + ~ [ <S(i) d( = r[a{e) - o(-e)j + ~. 

m J^ € J - t at m y_ € m 

If the velocity is continuous, so ufe) = v{— c), then 


a(e) -a{-t) = 

mr 


& 

When t < 0, a = ra => aft) — Ae f J T \ when t > 0, a — rd => aft) = Be^ r ; Aa — I? — A — ^ 


mr 


B = A — - — so the general solution is 


mr 


a(t) = | 


Ae^ T , ( t < 0); 

[^-(fe/mrjje*^, (f > 0). 


To eliminate the runaway we’d need A — k/mr; to eliminate preacceleration we’d need A = 0. Obviously, 
you can’t do both. If you choose to eliminate the runaway, then 


n ( t \ - j ( k/mr)e t/T , ( t < 0); 
a{t} “ \ 0, (t > 0). 


v(t) = [ a(t)dt=— [ e l / T dt = j = — e t '' r (for f < 0); 

7-00 mr ./-oo mr v Vl-oo m 


for t > 0,u(t) — w(0) + J* a{t) dt — v{Q) — A So „(!) = { 


For an uncharged particle we would have aft) = — <5{t) 3 u{t) = J a(t)dt = | ^ q| ? 


The graphs: 
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Clearly, W ext = VF kin + VF rad . / 

Problem 11.29 

Our task is to solve the equation a = rd + — [— <5(x) + <S(x - £)], subject to the boundary conditions 

771 

(1) x continuous at x — 0 and x = L; 

(2) v continuous at x — 0 and x = L; 

(3) Aa — ±l/o/mru (plus at x = 0, minus at x = L). 

The third of these follows from integrating the equation of motion: 

[ ~ dt = r f^dt+— [ [— 5(x) 4- 5(x — £)] dt, 

J ui J at 7Ti J 

Av = rAa + — f [S(x)+6(x-L)]^-dx = 0, 

771 J ClX 

A a — ~ / i (~5(x) + <5(x — L) j dx = k . 

mr y i; mrt; 

In each of the three regions the force is zero (it acts only at x = 0 and x = L) , and the general solution is 
a(i) = w(t) = Are^ r + B; x(t) = ArV^ + Bt + C. 


(ril put subscripts on the constants A, B, and C, to distinguish the three regions.) 

Region iii {x > L): To avoid the runaway we pick A 3 — 0; then a(t) — 0, u(t) = x(t) = B%t + C 3 . Let 
the final velocity be Vf (— B 3 ), set the clock so that t — 0 when the particle is at x — 0 , and let T be the time 
it takes to traverse the barrier, so x(T) = L = vjT + C 3 , and hence C3 = B — v/7\ Then 


a(i) — 0; u(£) = Vf 7 x{t) = L + Vf(t — T ), 


(t<T). 
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Region ii (0 < x < L)\ a — A 2 e t ^ T , v — A 2 re t/T + B 2 , x = A 2 r 2 e t/T + B 2 t + C 2 . 


(3) => 0 - A 2 e T ' r = — =* = Jh-r-T/r 


mrvf 


mrvf 


(2) => Vf = A 2 Te T ' T + B 2 = — + B 2 =>B 2 = v f - — . 

mvf mvf 

(1) => L = A 2 T 2 e T/T + B 2 T + C 2 = — +u/T- — +C 2 = v f T + — (r-TJ + Cs =4- 

mvf mvf mvf 

C 2 = L — v/T + ~~~~(T — t). 

mvf 


aft) = U ° e^~ T ^; 

mrvf 


v(t) - Vf 4- — 

'eit-niT _ jl 

mvf 

J 

x(t) = L + Vf(t — 

T) + V ° [re^ t-T ^ T t + T t] ; 


mvf l J 


(0 <t<T). 


[Note; if the barrier is sufficiently wide (or high) the particle may turn around before reaching L } but we’re 
interested here in the regime where it does tunnel through*] 

In particular, for t = 0 (when x — 0): 


0 = L - v/T 4- re r ^ T + T - r => L = v/T — [re r ^ T 4- T — r] * qed 
mvf L J mvf L J 


mvf 


Uq_ 

mvf 


Region i (a: < 0): a = A\e l ^ T , v = ^4jre^ r + B\ } x — Air 2 e^ T + B\t + Gi* Let Vi be the incident velocity 
(at t -¥ -oc); then B\ = V{. Condition (3) says 

u ° --T/T _ Ai _ U 0 


mrvf 


mrv o 


where vq is the speed of the particle as it passes x — 0. From the solution in region (ii) it follows that 
vq = Vf 4- (e*~ T / r — lY But we can also express it in terms of the solution in region (i): uq = A\t + v*. 

TYlVf \ / 

Therefore 

Vi ~ Vf 4- — 0 ■ (e^ T / T — l) — A\r = Vf 4- (e _T ^ r — l) 4- — ^L e ~ T / T 

mvf \ / mu/ \ / muo rm// 


^ mtf/ muo ^ mvf 


= U/ 


If ^ f /q , then 


Up 

mvf 


L _ Vf\ _ v f vj 1 

V vo/ ^ mt// { v/ 4- (£/o/mtJ/) [e~ T / r - l] J 

{ 1 1 + (Uo/mvj) [e~ T / r - 1] } qed 


L = ^/T - u/ re r ^ T 4- T - r — Vf T - re r ^ T —T + r = rvf - e ; 
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t H—Vf—Vf 


1 - 


1 + e-T/r - 1 


— Vf - 1 + e r f T j — VfB 


Th 


Putting these together, 


— = 1- e- 7 ^ =* e“ T = !- — => e T ^ = 


1 


TVf 


TV/ 1 - (L/rvf) 

KE; 1 — 2 


Vi = 


Vf 


1 - (L/vjt) ' 


qed 


Vf 4 

In particular, for L = vjt/4, = - - - = -w/ t so 

1—1/4 o iv 

KEi = ~KE f = ~U 0 = ^t/ 0 . 

9 1 9 2 9 


i = W = /M _ 

/ jnw? \ v f ) 


16 

9 


Problem 11.30 

(a) Prom Eq. 10.65, Ei — ^ [( c 2 - u 2 )u + (* * a)u - {* ■ u)a] . Here u “ oi - v, * — J x 4* dy, 

v = ux, a=ax, so 4 ■ v = iu, * ■ a — ia, 4 - u = m — 4 - v — m — lu. We want only the x component. Noting 
that u x — (c/*)I — u — (d — we have: 


= 


self = 


8tT€o (c^ 

— /u) 3 

<7 

1 

Sttcq (o» 

- lu) 3 


1 

S^reo (c& 

— lv) 3 


l 

Stt^o (o^ 

- tv) 3 


-(cl - v&)(c 2 - v 2 4- ia) - a(c& - It;) 
£ 


[(cl - m)(c 2 - v 2 ) + cl 2 a — wla — am 2 + alw\ . But = l 2 + d 2 . 


[(cl — m)(c 2 - v 2 ) — acd 2 ] x. (This generalizes Eq. 11.90.) 


Now :r(£) — x(t r ) —l — vT + \oT 2 + |dT 3 H , where T = £ — £ r , and n, a, and a are all evaluated at the 

retarded time t r . 

(cT) 2 - * 2 = l 2 + d 2 = d 2 + (vT + \aT 2 + IdT 3 ) 2 = d 2 + v 2 T 2 + vaT 3 + \vaT A + \ a 2 T 4 ; 

2 o 3 4 

series in d : 


T 2 (l - v 2 /c 2 ) — c 2 T 2 / 7 2 = d 2 + ua!T 3 + ^ud + -a 2 ^ T 4 . Solve for T as a power 

(1 + 2Ad + 2 B(P + A 2 d 2 } = <P+vaA^-(,MAd)+ f y + y j £ if 


T — ~ (1 + Ad + Bd 2 + ■ ■ - ) 


- . ... _ t , 1 7 3 rtlFV 3ucrv 3 , /ud a 2 \ y* 

Comparing like powers of d: A — -va-j*; 2H + A 1 = - ^ - A + ( — + — J 


2£ = 


3vay 3 1 7 3 1 5^7' 


C 3 2 c 3 4 


vd 7 4 a 2 7 4 _ vdy 4 y 6 a 2 /l n 2 \ 3u 2 a 
3 c 4 + 4c 4 3 c 4 + 4c 4 \ 7 2 c 2 / + 2 c 1 

7 4 [ud u 2 7 2 / n 2 n 2 c ^ 2 \] D T 4 [ 7 2 ° 2 

= ?[y + — l 1 -?-? 4 - 6 ?jJ =* ^ [t + — l 1 + 4 ?) J ■ 


,,2„2 7 6 


T = 


= T { 1 + T^" d+ ^ [f + I T' ( 1 + 4 ^)] d2 } + ()d4 + "' (s eneralizin s Eq- n - 93 )- 
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l = 


vT + ^nT 2 + - al + ■■■ 
vjd ( va 7 3 . y 4 \va y 2 a 2 / v 2 \"| />] 1 7 2 (P 

— \ 1 + Ts d+ w [t + ^( 1 + 4 ?JJ^} + 2 <1 “? _ 

/U 7 \ . a ) 4 /, v 2 v 2 \ , 2 fw7 7 ' 1 fua 7 2 a 2 / i 

(T) d+ 2?( 1 ~? + ? j r + \2^^ T + ~ ( 1 + 4 < 


4 + 

.,4 


2 

/«7\ . a 7 4 

(v) + 2 c* 


c J j be* 


(l-5j + ^V4?4 

r 07 

va y A a 
+ 


V c 2 c 2 J \ 2c c 4 

3 4 

t #)\ 


1 7 

+ K a ~ 

2 C 4 


- 1 

^W7^ 

\d+ | 

W; 


- 1 

^V7> 

1 d + | 

(1?) 

'" 2 y; 

I — 

cT — y d 1 1 4- 



:44 

5 V7 r 




v 2 , 

4 + ? + 1 ‘ 




£)]' 


^ 7 3 1 7 3 

va^r + -a~ 
** 6 c J 


3 


d 

3 + 4 c 2 


VU 

y +r 


d 3 + { ) d 4 + ■ • • 
fl2 (^ + ?). d2 } + () ^ + 


ai — lv — cyd + 


f'a* 


-v 5 

2 , J_ 

"va 2 0 , 

_y+7V| 

a 4)i 

,3 ^ 2 7 , ai;7 4 ^ 7 5 f 

a 5v7 2 a 2 " 

2c 3 

fi Ct f| fl ” 1 A 

c 2c 2 2c J 

3 + 4 c 2 j 

U — 

/ 2c 3 

y+ 7 Vl 

a 4) 

va 5v 2 7 2 a 2 " 

3 4 c 2 

d 3 + ■ ■ ■ 



d s + 


r ^Y^/7 ^ 

-d + -~^-d 3 + ( ) d 4 + 
7 or* 


cl — m — 


r a 7 4 ,2 7 

^7t/+ ~^—d 4- 


,5 

2c 2 


£17' 

~2c 


K) 
(£)- 


(hi?)"— 

^*5 r a t di 2 a ^ 7 ^^ 


yyy ,2 

2 c 3 


t'7 ;> 

2^4 


vd o 

y +v 




a 

3 + 4 —^ 


5 try 2 a 2 v 2 a, 

■ 4 3 ~~ 


7 5 

r 99 

a ( V 7 a 

f5_ 

1 w 2 y 

2c 2 

,3 7 2 + c 2 

U 

4 c 2 /. 


-a 4) 


d 3 


(e$ — it;) 


-3 _ 


cd 

7 


: j zc* \6 c* / 

444^4-44) 


Fself = 


S?reo 

72 


Sttcq c 3 d 
g 2 7 3 1 

Sttcq (?d 2 

^2 


(4 4 44) {[44 

f, _ 3 7 6 a 2 [_«£ 7 /a 

V 1 8 c 4 J [ 2 + 2 U 

— ac + 7 


■2, 21 

+ 2c 2 


^7 


f a i V7 2 a 2 ^ 

U + ~^~ J 

44 


— - acd 2 
7 2 


}* 


47T60 


~7 


4c 2 d + 4c 3 


4=4) 
4 


d + ( ) d 2 + ■ 

y + od + - 


Switching to i\ v(i r ) — u(£) + v(t){t r — t) + - ■ ■ = v(t) — a(t)T — v(t) 
doesn’t matter— to this order — whether we evaluate at t or at t r ) 


x (generalizing Eq + 1L95), 

ayd/c. (When multiplied by d ? it 
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1 - 


7 = 


v(t r ) 


= 1 


[u(f) 2 — 2vayd/c] 




i -1/2 


1 - 


v(tf 


]( 1 + ^), s „ 


= 7{J) ^1 - ^^-dj ; a(t r ) = a{t) - Ta - a(i) - 


Evaluating everything now at time t: 

J1 


Fself = 


4tt£ 0 

47T€o 

r 

47Te 0 
w 2 


3 (1- Si^d/c*) (a - djd/c ) ( 7 4 fa , ^7 2 ^ 2 \ , , w2 r 

“ 7 4 Jd~ + 4? U + ~^~J +()d + “- 

7 3 a 7 3 / <27 na 2 7 2 \ 7 4 / d t?7 2 o 2 \ 

[-^5 + 3? (T + 3 — J + 53 (j + — ) + < >“ + " 

7 3 a 7 4 /. a va 2 y 2 vy 2 a 2 \ 1 * 

.'4?d + 4?(, a+ 3 +3 “^” + ^J +C)d+ "'J X 


q 2 [ 7 3 a 7 4 / . ua 2 7 2 \ 

4^ [~4c^ + 3^ ( a + 3 “^~j +( )d + 


x (generalizing Eq. 11.96). 


The first term is the electromagnetic mass; the radiation reaction itself is the second term: 


2 / 2 2 \ 

^rad — 7 4 (& + 3 Va ^ ) (generalizing Eq. 11.99), so the generalization of Eq, 1L100 

lz7TC \ C l J 


IS 


^Vad = 


VoT 

6 7TC 


{ . „ sm 2 7 3 \ 

(° +3 — )• 


(b) F rad = Ay 4 


where A = P = Aa 2 y 6 (Eq. 11.75). What we must show is that 

OTTC 


(*+^> 

f l 2 ft? rt 2 / 2„2^2V rt 2 

j Fr&dV dt = — j P dt , or J y 4 4- 3 — j dt = — j a 2 7 6 dt 

(except for boundary terms — see Sect. 11.2.2). 

P 2 r l a f 2 ^ 

Rewrite the first term: / 7 4 dud£ = / (7 4 v)™ d£ — 7 4 na — / — (7 4 v)adt* 

d*! dti df <i 7 £i di 

/ 2i>a\ u 

r^"J ■■ 


Now y-(7 4 u) = Ay z ~-v + y 4 a; ^ = ~ [ 1 = 

dt dt dt dt ^1 - v 2 j c 2 

.3 / «,2 „2 


2(1- V 2 /c 2 ) 3 / 2 

^( 7 S) = 4 7 3 W^ + 7 4 a = 7 e « (l - ^ + 4~) = y«a (l + 3™) . 

/ * 2 *2 / v 2 \ 

7 4 dt>d£ = 7 4 ^a — / 7 6 a 2 f 1 +3^ ) dt , and hence 

f\< (to+z&p) *=7 *»«[■ +/” h'“ 2 ( i+3 ?) +3i,i 


. So 


^2^2 1 


d£ — 7 4 ua 


r^2 

— / 7 e n 2 d£ + 


qed 


Problem 11*31 

( a ) ^ - (Eq. 11.75). tu - \/6 2 +c 2 £ 2 (Eq. 10.45); v = ’ 

<? c 2 t{c 2 t) c 2 i> 2 c 2 

0 = 11 = 


'Jb 2 + c 2 t 2 {b 2 + c 2 £ 2 ) 3 / 2 (6 2 + c 2 £ 2 ) 3 / 2 


(5 2 ■+■ (?t 2 — c 2 t 2 ) = 


(b 2 + c 2 t 2 ) 3 / 2 ’ 
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7 2 = 


P = 


1 


1 — v 2 /c 2 1 — {c 2 t 2 /(b 2 + c 2 t 2 )] b 2 + c 2 t 2 — c 2 t 2 b 2 


b 2 +c 2 t 2 1 t 2 3 2 \ 

“ A2 _i_ „2*2 __ „2>2 ~ K1 + C f 


fioq 2 b 4 c 4 (b 2 +c 2 t 2 ) 3 

q 2 c 


6ttc (b 2 + c 2 t 2 } 3 6« 

Sttcq b 2 ' 



/V. p mV (. . 37 2 a 3 w\ 3 b 

(b) F ’*“ = “to" {“ + ' ° = ~2(P 

3i> 2 c 4 t 3 (5 2 + e 2 f 2 ) idc 4 c 2 t 


Yes, it radiates {in fact, at a constant rate). 

3b 2 c 4 t 


3 b 2 c 2 (2c 2 t) 


(b 2 + c 2 t 2 ) 5 / 2 ( b 2 + c 2 t 2 }V 2 


; (* + ^) = 


(b 2 + c 2 t 2 )*/ 2 c 2 b 2 (, b 2 +c 2 t 2 ) 3 v/i> 2 +c 2 t 2 


= 0. 


F ra( j — 0. No, the radiation reaction is zero. 


